ON THE PERMUTATION MODULES FOR ORTHOGONAL 
GROUPS 0^(3) ACTING ON NONSINGULAR POINTS 
OF THEIR STANDARD MODULES 



JONATHAN I. HALL AND HUNG NGOC NGUYEN 

Abstract. We describe the structure, including composition factors and submod- 
ule lattices, of cross-characteristic permutation modules for the natural actions of 
the orthogonal groups 0^(3) with m > 6 on nonsingular points of their standard 
modules. These actions together with those studied in ^ are all examples of prim- 
itive rank 3 actions of finite classical groups on nonsingular points. 



1. Introduction 

Given a group G acting on a set Q and a field F, the problem of determining the 
structure of the permutation FG-module ¥Q has been studied extensively for many 
years. In particular, permutation modules as well as permutation representations for 
finite classical groups have received significant attention. We are interested in the 
action of a finite classical group G on points (i.e. 1-dimensional subspaces) of the 
standard module associated with G. 

The permutation module for the natural action of G on singular points has been 
studied in great depth (for instance, see [HI 13 [IHl HI])- However, not much has been 
known about the action of G on nonsingular points. We note that in the linear and 
symplectic groups, all points are singular. 

Problem 1.1. Let G be a finite orthogonal or unitary group and ¥ an algebraically 
closed field of cross characteristic. Describe the submodule structure of the permuta- 
tion ¥G-module for G acting naturally on the set of nonsingular points of its standard 
module. 

Let P° and P be the sets of singular and nonsingular points, respectively, of the 
standard module associated with G. It is well known that the action of G on P° is 
always transitive and rank 3. On the other hand, the transitivity of the action of G 
on P and the ranks of that action on orbits depend closely on the underlying field, 
which we will denote by ¥g, of G. We do not have an exact formula for the ranks 
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but they are "more or less" an increasing function of q. In particular, the structure 
of ¥P becomes more complicated when q is large. 

In [2], the authors studied the problem for orthogonal groups over a field of two 
elements and unitary groups over a field of four elements. This is the case (and only 
case!) when the action of G on P is transitive and rank 3. 

In this article, we study the cross-characteristic permutation modules ¥P for the 
orthogonal groups 0^(3) acting on P. It is not difficult to see that 0^(3) has two 
orbits on P and the action on each orbit is rank 3. These actions together with those 
studied in [2] are all examples of primitive rank 3 actions of finite classical groups 
on nonsingular points, as pointed out in an important paper by Kantor and Liebler 
(see [7]). 

Drawing upon the methods introduced in [2], as well as in [S] and [Hj, we prove 
the following: 

Theorem 1.2. Let ¥ be an algebraically closed field of characteristic i 3. Let G 
be 0^(3) (m = 2n or 2n + 1) with m > 6 and P be the set of nonsingular points of 
the standard module associated with G. Then the permutation ¥G -module ¥P of G 
acting naturally on P has the submodule structure as described in Tables 1,2, and 3. 
In these tables, 6ij = 1 if i \ j and otherwise. 

Table 1. Submodule structure of FOj„(3)-module ¥P. 
Conditions on £ and n Structure of FP 

^^2,3;^| (3"-l) F F 

I I 

X ® Y ® Z ® Z 

I I 

F F 

£ = 2;neven ¥ X ¥ Y 



W Y ® W X 



¥ X ¥ Y 

= 2;nodd X Y 

/ \ / \ 

2F ® y W ® X w 

\ X \ y 

X Y 



where, dimX = dim^ = (3"-i)(3" -i) ^ dimZ 



and dimVK = (3"-i)(f '+3) _ i _ ^. 



'2,n- 



Let \^ be a vector space of dimension m > 6 over the field of 3 elements F3 = 
{0, 1, —1}. Let Q be a non-degenerate quadratic form on V, and let (■, ■) be the non- 
degenerate symmetric bilinear form on V associated with Q so that Q{au + bv) = 
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Table 2. Submodule structure of FO^„(3)-module ¥P. 



Conditions on £ and n Structure of ¥P 



D _Z o o. /? i- (on 1 1 \ 

I ^ 2,d;t\ [6 +1) 


2Fg 


^ X ®Y 


ffi2Z 




£ ^ 2,3;^ 1 (3" + 1) 












F F 
1 1 




X 


© Y 




© 


Z ® Z 














1 1 

F F 


£ — 2;n even 






/ 


X 

/ 


N, 

F 


Y 

^ ^F 




2F 


® W 




1 

Y 


® W X 








\ 


\ 

X 


F 


Y 


e = 2;n odd 


F 


X 


F 


Y 








/ F 






''f 




Y 


W © 


X 


w 








\ IF 

\ 1 






F 

\ 1 




F 


X 


F 


Y 



where, dimX = dimy = ^^"+^^^g" '+^^ - bi,2, dimZ = - S, 

and dim W = ('•''•+i)(3"''-3) _ ^ ^ ^^^^^ 



a^Qiu) + h'^Q{v) + ab{u,v) for any a, 6 G F3,M,t; G V^. Then G = 0^(3) is the full 
orthogonal group consisting of all linear transformations of V preserving Q. 
For K = ±1, we denote 

and P^^ are often called the sets of plus points and minus points, respectively. 
We obtain the following isomorphism of FG-modules: 

¥P = FP+^ ©FP"\ 

Since Q is a non-degenerate quadratic form on V, —Q is also a non-degenerate 
quadratic form on V. The two isometry groups 0{V, Q) and 0{V, —Q) are canonically 
isomorphic, but the corresponding sets of nonsingular points are switched: P~^{Q) = 
P~^^{—Q) and P~^^{Q) = P^^{—Q). When m is even the forms Q and —Q have the 
same discriminant but when m is odd they do not. Therefore in Theorem 1 1 . 2 1 and its 
associated tables we see that for m even there are two distinct isometry groups G, but 
for each the modules FP"*"^ and FP~^ are the same up to a diagonal automorphism of 
G, whereas for m odd there is only one isometry group to consider, but the modules 
FP+^ and FP~^ are fundamentally different and indeed have different dimensions. 
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Table 3. Submodule structure of F02n+i(3)-module ¥P. 



Conditions on £ and 



Structure of ¥P 



^^2,3;^t(3"-l),^t(3" + l) 
i^2,5;e\ (3" - 1) 



2F®X 



F 



3y ©2Z 

F 
I 

X © 



Y 



2Z 



£y^2,3;£\ (3" + l) 



£ — 2:n even 



£ = 2:n odd 



¥ ® X 



F Xi 



F 
I 

Y 
I 

F 



F © Yi ® Xi 



¥ Xi 

/ \ 
F © Yi 

\ / 
Xi 



2Z 



/ 



¥ 



¥ 

F Yi 



3^"-l 



where, dimX = - (5,^3"-i, diniY - "^f - <5^3"+i, dimZ = ^ 

_ (3"-l)(3"-3) V, - (3" + l)(3"+3) _ _ (3'" -9) _ „ 



dimXi 



^ dimYi = 



_ (3"-l)(3"+3) 
4 

— 1 , and dim Z\ = 



8 



The paper is organized as follows. In the next section, we will outline the proof of 
the main theorem. ^ and §1] are some preparations for the following sections. Each 
family of groups 0^(3), 0^^(3), and 02n+i(3) is treated separately in sections ^ 
§ni and §71 respectively. 

2. Notation and outline of the proof 

2.1. Preliminaries. If the action of G on a set Q is rank 3 then the FG-module ¥Q 
has two special submodules, the so-called graph suhmodules. The following description 
of these graph submodules is due to Liebeck (see [9j). 

Let Ga be the stabilizer of a G fi. Then Ga acts on f2 with 3 orbits: one of them 
is {a} and the other two are denoted by A(a) and Define the parameters: 

a = |A(a)|, b = |$(a)|, r = |A(a) n A(/3)|, and s = |A(a) n A(7)| for f3 e A(a) 
and 7 G $(«). For any subset A of fl, we denote by [A] the element S^^a^ of 
¥Q. For c G F, let Uc be the FG-submodule of ¥Q generated by all elements Vc^a = 
ca + [A{a)],a G fl and U'^ be the FG-submodule of Uc generated by all elements 
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Vc,a — Vc,i3 = c{a — (3) + [A{a)] — [A{(3)],a, (3 G Q. The graph suhmodules of the 
permutation FG-module Ff2 are defined to be U'^^ and U'^^ where Ci and C2 are the 
roots of the quadratic equation: 

(2.1) + {r - s)x + s-a = Q. 

Setting S{¥n) = {J^u^^n^^^^ | e F, ^ = 0} and T(Ffi) = {c[n] \ c e¥}. 
S{¥Q) and T(Ff2) are FG-submodules of ¥Q of dimensions — 1, 1, respectively. 
Moreover, T(Ff2) is isomorphic to the one-dimensional trivial module. 

Suppose that two graph suhmodules are different, i.e., Ci 7^ C2. Since fci,a — fc2,a = 
(ci — €2)0; for any a E fl, we have 

(2.2) f/;©f/; = 5(Fr]). 

The modules U'^^ and U'^^ are the eigenspaces of the linear transformation T : ¥Q — >■ 
¥fl defined by T(a) = [A(q;)],q; G Q corresponding to eigenvalues — C2 and — Ci, 
respectively (see [2]). As T has trace with T(Ff2) an eigenspace for the eigenvalue 
a, we can compute the dimensions of graph suhmodules from the following equations: 

/2 3) r dimf/^^ +dim[/^^ = |^]| - 1, 

\ C2 dim U^_^ + ci dim U'^^ = a. 

We note that ¥Q has a nonsingular and G-invariant inner product defined by 
{^co&Q^^^^Y.uj&n^^^) = Y^ujeQ^^^^- If is a submodule of Ffi, we denote by 
f/-*" the submodule of ¥Q consisting of all elements orthogonal to U. We need the 
following result, which is due to Liebeck and is stated as Lemma 2.1 in [2]. 

Lemma 2.1 ([H]). If c is not a root of equation Ii2.1\) then U'^ = S{¥Q). More- 
over, if Ci and Ci are roots of this equation then (fci,a, t^cj,/?) = s for any a,(3 E Q. 
Consequently, {U'^^.Uc^) = {K^,Uc^) = 0. 

2.2. Outline of the proof. We first compute the roots of equation (12. ip and then 
determine the graph suhmodules of FP"*"^ and ¥P~^ by analyzing the geometry of P. 
As in the study of rank 3 permutation modules in cross-characteristic for finite clas- 
sical group acting on singular points in [HI [ID], the graph suhmodules are "minimal" 
in an appropriate sense (see Proposition 13.11) . 

The problem now is divided in two cases. In the easy case when the graph sub- 
modules are different, we have seen from (12. 2p that their direct sum is S{¥P'^) 
{k = ±1), a submodule of ¥P'^ of codimension 1. Therefore the full structure of 
¥P = ¥P^^ © FP~^ can be determined without significant effort. 

The difficult case is when the graph suhmodules are the same (i.e. ci = C2). We 
will see later that the graph suhmodules of FP"*"^ are equal if and only if those of 
FP~^ as well as FP° are equal and this happens when i = char(F) = 2. We handle 
this case by constructing some relations between FP°, FP"*"^, and FP~^ in §11 
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2.3. Further notation. Given a finite group G, Irr(G) and IBr^(G)) will be the sets 
of irreducible complex characters and irreducible ^-Brauer characters, respectively, 
of G. For X ^ Irr(G), by x we always mean its reduction modulo 2. Following [TT], 
we denote by /3(M) the Brauer character of G afforded by an FG- module M. Fur- 
thermore, if /3(M) G IBr^(G) is a constituent of an ^-Brauer character Lp, we say that 
M is a constituent of (p. Finally, if if is a subgroup of G, we denote by M\h the 
restriction of M to H . 

3. Minimality of the graph submodules of FP+^ and FP"^ 

First we fix a basis B oi V . If Q is a quadratic form of type + on with di- 
mension 2n, we consider B = {ei, e^, /i, fn} so that (cj, fj) = 6ij and (cj, ej) = 
ifi-ifj) = for i,j = l,...,n. If Q is of type — on V with dimension 2n, then 
B = {ei,...,e„,/i,. ..,/„} where {ci, fj) = 6ij and (ei,e„) = (/»,/„) = for i,j = 
1, ...,n - 1, (e„, /„) = 0, and (e„,e„) = (/„, /„) = 1. Finally, if dim V = 2n + l, then 
B = {ei,...,e„,/i,...,/„,^} where (e^, /j) = (6^,6^) = (fijj) = {ci, g) = {fi,g) = 
0, and {g,g) = 1 for i,j = l,...,n. 

Going back to the action of G on P", k = ±1, we assume from now on that 
A(a) C P'^ \ a consists of points orthogonal to a and $(«) C P'^ \ a consists of 
points not orthogonal to a. Also, we use the notation f/^ and UJ^ for Uc and U'^, 
respectively. The graph submodules of FP'' now are UJ^ and UJ^ where ci and C2 are 
roots of the equation f l2.ip . At this point we understand that ci and C2 depend on k 
but actually they do not, as we will see later on. 

As in the study of rank 3 permutation modules in cross-characteristic for finite clas- 
sical group acting on singular points in [HI [ID], the graph submodules are "minimal" 
in the following sense: 

Proposition 3.1. Suppose that char(F) ^ 3. Then every nonzero ¥G-submodule of 
¥P'^{k, = ±1) either is T{¥P'^) or contains a graph suhmodule. 

Proof. We only give here the proof for the case G = 0^(3) and k = +1. Other cases 
are similar. We partly follow some ideas and notation from [21 [HI [ID] • 

Let 01 := (ea + /a), 02 := (ei + 62 + /a), and 03 := (-Ci + 62 + /2). Let Ai := 
+ hfd) e P+i I 61 = l,a2 + 62 = 0}, A2 := {(ELiKe, + hf,)) e 
P+i I 61 = l,a2 + 62 = -1}, A3 := {(ELiKe. + G P+i | fo^ = as + &2 = 1}, 

A := Ai U A2 U A3, and $ := P+^ \ A. It is clear that, for i,j = 1,2,3, 

(3.4) [A(0,)] - [A(0,)] = [A.] - [A,]. 

Consider a subgroup H < G consisting of orthogonal transformations sending el- 
ements of the basis {ei, /i, 62, /a, e„, /„} to those of basis {ei,/i + ^"=1 ajCj + 
Er=2 ^ifi^ ^2 - hei, f2 - 0261, Cn - fenCi, fn " a„ei} respectively, where a^, k G F3 
and — Oi = ^"=2 other words, if is subgroup of isometrics fixing (ci) and act- 

ing trivially on each factor of the series < (ei) < (ei)-*- < V^. Let K be the subgroup 
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of H consisting of transformations fixing 0i. Let P^^ be the set of plus points in 
Vi = (e2,/2,...,en,/n). For each (w) G P^^, define S(^) = {{w) , {ei + w) , {-ei + w)} . 
As in Propositions 2.1 and 2.2 of [9J and Lemmas 3.2 and 3.3 of [2], we have 

(i) \H\ = 32^^-2, \K\ = 32"-3, |A| = 32"-2, and |Ai| = IA2I = IA3I = 3^"-'^; 

(ii) H acts regularly on A and K has 3 orbits Ai, A2, A3 on A; 

(iii) ^ = U(«,)6P+i^m; 

(iv) K fixes B^-^ point-wise and is transitive on for every 0i 7^ (w) G P^^', 

(v) if acts transitively on S^^^ for every (w) G -Pi^"*^- 

Suppose that U is a. nonzero submodule of ¥P^^. Assume U 7^ T(FP+^), so that 
U contains an element of the form 

u = a{x) + b{y) + ^ as5, 

5eP+i\{{x),{y)} 

where a, b,as E ¥ and a ^ b. If (x, y) = 0, we choose an element {z) G P'*"^ so 
that [x, z) and (y, z) are nonzero. Since a ^ b, the coefficient of (z) in u is different 
from either a or 6. Therefore, with no loss, we may assume (x, ?/) 7^ 0. Since 
(^2 + /2, ei + 62 + /2) 7^ 0, there exists g' E G such that (x)^'' = 0i and (i/)^'' = 02- 
Therefore, we can assume that u = a0i + 602 + J25eP+^\{<t>i 9^2} 

Let g E G such that 61(7 = ei and (62 + /2)fi' = — (ei + 62 + /2)- Then (pig = 02, 
02^? = 01, 03^? = 03, and therefore 

M-M^= (a-6)(0i-02)+ 5Z M G f/n5(FP+i), 

5eP+i\{9ii,(/.2,</>3} 

where bs G F. Note that u — ug E 5'(FP+^). Therefore, if cs = bs/{a — b), we get 

ui:={u-ug)/{a-b) = (f)i-(j)2+ ^ cs6 E U n S{¥P+^). 

SeP+''\{4>u<i>2,<i>-i} 

Hence we have U2 := YIiu^k'^^^ G f/ fl S'(FP+-'^). Moreover, 

U2 = 32"-3(^^ - 02) + 5^ ds5 + 5^ [P<^)] , 

where ds,d(^^) E ¥. Therefore U3 := '^heH'^'i^ E U H S'(FP+-'^) with 
«3 = ($^4)[A] + 3^"-^ 5^ rfM[PM]. 

It follows that 

u, := 32"-2w2 - W3 = 3^"-^(0i - 02) + 5^ /55 G f/ n 5(FP+i), 

<5eA 
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where fs = 3^" "^ds — J2s&a '^<5- Hence 

«5 := J2 = 3'"~'(0i - 02) + /[Ai] + /' [A2] + r [A3] eun 5(FP+i), 

keK 

where /, /', /" G F. In particular, f + f + f" = 0. 

Case 1: / + /' = = 0. Then u, = 3^^~\<l)i - ^2) + /[Ai] + /'[A2] = 

36n-8(^^ - 02) + /([Ai] - [A2]) = 36"-«((/.l - 02) + /([A(0l)] - [A(02)]) E U hj m ■ 

Assume that / = 0. Then M5 = 3^"-^(0i - 02) G U. It follows that 0i - 02 G U. 
Hence a — f3 E U for every G P"*"^ and therefore U ^ S'(FP+^), which implies 
that U contains a graph submodule. 

It remains to consider / 7^ 0. Then we have (36"~7/)(0i-02) + [A(0i)]-[A(02)] G 
U. It follows that (36"-7/)(a - /3) + [A(a)] - [A(/3)] G t/ for every a, /3 G P+i and 
hence f/ ^ U^en-s/j, which implies that U contains a graph submodule by Lemma [2?T1 

Case 2: / + /' 7^ 0. Define an element g E G which sends elements of the basis 
{ei, /i, 62, /2, e„, /„} to those of basis {ci, fi - /2, -62 - ei, -/2, 63, /3, e„, /„} 
respectively. It is easy to check that (pig = 02, (f)2g = 01? and (p^g = 03. Also, 
Aig = A2, A2(7 = Ai, and A^g = A3. So we have 

Me := u,-U5g = 2- 36"-70i - 02) + (/ + /')([Ai] - [A2]) G U. 

As above, we obtain U 3 f^2-36"-8/(/+/')' which again implies that t/ contains a graph 
submodule, as desired. □ 

We will see later for i = 2 that Ci = C2 and hence FP'^ has a unique graph 
submodule. In this case we set f/" := t/^^ and U := UJ^. The following lemma is an 
important property of the graph submodule and is useful in determining the modulo 
2 structure of the permutation module. 

Lemma 3.2. For i = 2 and k, = ±1, 

(i) = T(FP'^) © U''^. In particular, by Proposition \3.1\ is simple and 
is the socle of¥P^; 

(ii) and U are self-dual. Furthermore, U " appears at least twice as a com- 
position factor ofFP'^. 

Proof, (i) If G = 0^^(3) and k = — 1, let S* C P'^ be the set of points of the form 
(e„ + v) where v E (ei, e„_i). In all other cases, let 5 C P'^ be the set of points of 
the form (e„ + k/„ + v) where v G (ei, e„_i). We then have 

5^^,,„ = ^(« + [A(a)]) = 5^«+y('') Yl (^ = n 

where i{(3) = n — 2 or n — 1. Hence [P'^] G f/" or equivalently T(FP'') C f/". As 
\S\ = 3"-i 7^ in F, T(FP'^) ^ U'"". Since U'"" is a submodule of of codimension 
at most 1, U" = T(¥P'^) © U''^. This and Proposition [XH show that U''^ is simple 
and is the socle of FP''. 
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(ii) Recall that the submodule consists of F-linear combinations of Vc^a where 
a E P'^ and c = Ci = C2. Define a bilinear form [-, ■] on by [fca, "^c,/?] = 
(vcajP)- It is clear that this form is symmetric, non-singular, and G-invariant. 
Hence, is self-dual. It then follows that U''^ is also self-dual by (i). Therefore 
YpK^jj'K± ^ }iomf{U'^^,¥) = U'^^. Combining this with the inclusion U'"" C U'^^ 
(by Lemma [2.ip . we have that U appears at least twice as a composition factor of 
WP''. □ 



-1 



4. Relations between FP°, FP+^ and ¥P 

In this section, we establish some relations between the structures of FP°, FP+^ 
and FP~^. This helps us to understand FP"*"^ and FP^^ from the known results of 
FPO in [ID1[II]. 

For i,j G {0, +1, —1}, define 



(4.5) 



Qij : FP^ ^ FPJ' 

a ^ [{/3 e P^ \ /3 ± a}]. 



It is obvious that Qij is an FG-homomorphism. Also, Qij{S{¥P^)) C 5'(FP-'). The 
following lemma is easy to check. 

Lemma 4.1. lm{Qij) and lm{Qij\s(wp^)) '^'"e nonzero and different from T(¥P^). 
Also, FPVKer(Q,,,) = Im(Q,,,) and S{¥P')/ KeiiQiJsiwp^)) = Im(Q,,,|s(FP>)). □ 

Let p^^, and be the complex permutation characters of G afforded by 
permutation modules CP°, CP^^, and CP~^, respectively. Recall that G acts with 
rank 3 on each P* with i = 0, +1, — 1. Hence p* has 3 constituents, all of multiplicity 
1 and exactly one of them is the trivial character. 

Lemma 4.2. Fori,j G {0, +1, —1}, and fP have a common nontrivial constituent. 
Proof. This is an immediate consequence of Lemma 14.11 □ 

5. The orthogonal groups 0J„(3) 

In this section, we always assume G = 0^(3). For n = ±1, we have P'^ = 
{{EtMei + hifi)) I e ¥s,Etl(^^bi = «:} and \P^\ = 3"-\3^ - l)/2. The 

parameters of the action of G on P'^ are: 

_ 3"-i(3"-i - 1) ^_ 2„-2 _ 3"-^(3"-^ + 1) _ 3'^-n3"-2 - 1) 



2 2 2 

The equation (12. ip now has two roots 3""^ and — 3"~^. Therefore, FP** has graph 
submodules and U_^^„^i. 

We note that ii i = char(F) 7^ 2, 3 then 3""^ 7^ — 3"^^ and therefore two graph 
submodules are different. 
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Lemma 5.1. If i = char(F) 7^ 2,3, then 

dimf/;^2 = (3"-l)(3" ' - ^) ^dim;7lVi = and U'+i_, ^ U_,^.,. 

o o 

Proof. The dimensions of and U'^^ri-i follow from (12.31) . Using results about 

the permutation module for G acting on P° in [TU], we see that FP° has two graph 
submodules of dimensions (3" — 1)(3"~^ + 3)/8 and (3^" — 9)/8, which we temporarily 
denote by U'^ and U'^, respectively. By Theorem 2.1 of [TU], U'^ and U'^ are minimal in 
the same sense as in Proposition 13.11 Applying Lemma 14.11 and Proposition 13. H we 
deduce that f/_1ji_i = U'^ and f/Jgi-i = U'^ and the lemma follows. □ 

Proposition 5.2. Theorem \1.2\ holds when G = 0^(3), n > 3 and £ 7^ 2,3. 
Proof First, consider £ f (3" - 1). Then [P""] ^ 5(FP'^) and we have 

FP = FP+i © FP-i = T(FP+i) © 5(FP+i) © T(FP-i) © Si^P-^) 
=^ T(FP+i) © U'^\ © f/l+3i_i © T(FP-i) © U'-^l^ © f/JgLi 
^ 2F © X © r © 2Z, 

where X := U^tl2, Y '■= U^'^lz, and Z := = U^^i^i (Lemma 15. ip . The 

modules X, Y, and Z are simple by Proposition 13.11 

Next we consider i \ (3" — 1). It is easy to see that T(FP'*) is contained in U_^^„~i 
but not in f/g^.a. We then have FP*^ = © Ul^^-i-, where is simple and 

f/^3„_i is uniserial (by Proposition 13. ip with composition series 



C T(FP^) c U'3ir.-i C U1 



Putting X := U'+l2, Y := [/^-i^, and Z := U'_%„^,/T{¥P^), we get 

FP = X © r © 2(F - Z - F), 

as described in Table [TJ □ 

For the rest of this section, we consider the case i = char(F) = 2, where the 
two graph submodules are the same. We write If^ := = = U'Z^„-i and 

Tj'k ._ tj'k _ tj'k _ tj'k 

U . — Ui — t-^ 3,1-2 — '-^_3ri-l- 

Proposition 5.3. Theorem \l.^ holds when G = 0^(3), n > 3 and i = 2. 

Proof. Recall that, for i = 0, ±1, is the permutation character of G afforded by CP*. 
Since G acts with rank 3 on each P*, we have = l+if'^+ip^, where v?*, V'' ^ Irr(G') and 
the ip^s have the same degree (3^" — 9)/3 by Lemma [4.21 and the proof of Lemma [5. II 
We set :=V'° = = Note that 9?+^ (1) = </?"^(l) = (3"-l)(3"-^-l)/8 from 
Lemma 15.11 Since the smallest degree of a nonlinear irreducible 2-Brauer characters 
of G is (3" — 1)(3"^^ — l)/8 (see Theorem 1 of [5), and must be irreducible. 
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First we give the proof for n odd. From the study of p° in Corollary 6.5 of [llj, we 
have ip = + P{X) + P{Y), where W, X, and Y are simple G-modules of dimen- 

sions (3"-l)(3'"-^+3)/8-l, (3"-l)(3'"-^-l)/8, and (3"-l)(3"-^-l)/8, respectively. 
Furthermore, X and Y are not isomorphic. Now using Proposition I3.2( ii) together 
with the conclusion of the previous paragraph, we deduce that U is isomorphic to 
either X or y and ^ = 

Let U = X. We wish to show that U = Y. Assuming the contrary, we 
then have U = U ~^ = X and therefore = (p~^. Now we temporarily add 
subscript n to the standard notations. Then = {p~'^ and hence = p~^. Since 
¥P^ = 5FP„^_i©2FP„"„^i©2FP°_i©2F as FG„_i-modules, it follows that = 

By downward induction, we get (p'^'^ = ^p^^, which is a contradiction by checking the 
complex and 2-Brauer character tables of Oq{3) (see [D E]). 

We have shown that U'+^ = X and U''^ = Y. Notice that, for k = ±1, \P^\ ^ 
(in F) and hence FP'' = T(FP'') © ^(FP'') and the composition factors of ^(FP'^) 
are X (twice), Y, and W. By Proposition 13.11 and the self-duality of S'(FP'^), the 
socle series of ^(FP+^) and S{¥P-^) aieX -{Y®W)-X and Y - {X ®W) - Y, 
respectively, as described in Table [H 

Now we consider n even. In this case, = 1 + f^iW) + /3{X) + f3{Y), where W, X, 
and Fare simple G-modules of dimensions (3"-l)(3"-^+3)/8-2, (3"-l)(3"-^-l)/8, 
and (3" — 1)(3"^^ — l)/8, respectively. Repeating the above arguments, we see that 
f/'+i = X and U'-^ ^ Y. 

Notice that T{¥P+^) C S(¥P+^), T(FP+i)^ = S{¥P+^), and Si¥P+^)/Ti¥P+^) 
is self-dual and has composition factors: X (twice), Y, and W. Again, Proposition [3]T] 
gives the socle series of S{¥P+^)/T{¥P+^): X - {W ®Y) - X. The submodule 
structure of FP+^ will be completely determined if we know that of U ^^"""/f/ Note 
that U ^^-""/f/ +^ has composition factors: F (twice), W, and Y. Using Lemma \AA] and 
inspecting the structure of FP", we see that Y must be a submodule of U ^^-^/U 
but W is not. Therefore, the structure of U'+^^/U'+^ is Y ® {¥ - W - ¥). 

Similarly, the structure of S(¥P-'^) /T(¥P~'^) is Y - {W ® X) - Y and that of 
U ^^^/U ^""^ is X © (F — 14^ — F). Now FP is determined completely as described in 
Table E □ 

Propositions 15.21 and 15.31 complete the proof of Theorem 11.21 for the type 
orthogonal groups in even dimension. 



6. The orthogonal groups 02„(3) 

In this section, we always assume G = 02^(3). For n = ±1, we have P'^ = 
{(EtMei + bJ,)) I Er=i'«A-a^-&^^ = «:,a,,6, G F3} and \P^\ = 3"-H3" + l)/2. 
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The parameters of the action of G on P'^ are: 

_ 3"-i(3"-i + 1) 2n-2 _ 3"-2(3"-i _ 1) _ 3"-i(3"-2 + l) 

Qj — ~~ 5 — O X 5 T — ~~ , 5 — ~ 



The equation ( I2.ip now has two roots —3" ^ and 3" ^. Therefore, FP'^ has graph 
submodules ?7_''3„_2 and U^^-i- 

Lemma 6.1. If i = char(F) ^ 2,3, then 

J- rr'K (3" + l)(3"-l + l) ^. 32" -9 ^,,1 

dim f/.^jjn-a = ^ ^,dim[/3S_i = — - — and f/gLi = U J^. 

8 8 

Proof. As in the proof of Lemma 15.11 □ 

Proposition 6.2. Theorem holds when G = 02n{'i),n > 3 and i 2,3. 

Proof First we consider £ f (3" + 1). As in §3, FP = 2F © X © F © 2Z, where X := 
Ut^i_2, Y := ?7_~i_2, Z := U^t-i — U^'li and X, Y, Z are simple by Proposition 13.11 
Second we consider i \ (3" + 1). We have FP" = U'_!'^„-2 © f/g^^-i, where U'_!^^„-2 is 
simple and U^„.i is uniserial with composition series C T(FP'^) C Uy^^i C t/gn-i. 
Putting X := t/^+i.^, Y := f/J^i.^, and Z := t/3^i/T(FP''), we obtain FP ^ 
X©r©2(F-Z-F), as stated. □ 

For the rest of this section, we consider the case i = 2. As in [|5l we have = 
1 + + 7/^ for 2 = 0, ±1, where e Irr(G'), ^(1) = _(32" - 9)/3, and ^+^(1) = 

ip-\l) = (3"+l)(3;;^i+l)/8. From Corollary 8.10 of [n],^= 1+I3{W)+/3{X)+/3{Y) 
when n is even and ip = 1 + 1+(3{W)+(3{X)+I3(Y) when n is odd. Here, X, Y, and W 
are simple FG-modules of dimensions (3" + 1) (3""^ + 1 ) /8 - 1 , (3" + 1 ) (3"-^ + 1 ) /8 - 1 , 
and (3" + l)(3"~^ — 3)/8 — l + (52,n, respectively. Moreover, X ^Y and W has smallest 
dimension among simple FG-modules of dimensions greater than 1. 

Lemma 6.3. With the above notation, 

(i) For K = ±1, is isomorphic to either XorY and (p'^ = 1 + l3(U''^). 

(ii) // we let U'+^ ^ X, then U'-^ ^ Y. 

Proof, (i) We only give here the proof for n even and k = 1. Other cases are similar. 

Assume the contrary: U +^ is not isomorphic to both X and Y . Lemma [3.21 then 
implies that U = W and [3{W) is a constituent of Hence all other constituents 
of have degrees at most ip'^^{l) — dimW = (3" + l)/2, which imply that they 
are linear since (3" + 1)(3"~^ — 3)/8 — 1 + 52,n is the smallest dimension of nonlinear 
irreducible 2-Brauer characters of G. 

Let Pi, Pi^, and P^^ be the sets of singular points, plus points, and minus points, 
respectively, in Vi := (ei, /i, e„_i, Note that Vi equipped with Q is an 
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orthogonal space of type +. Let Gi := 0^_2(3) < G. Then we obtain an FGi- 
isomorphism: 

(6.6) FP+^ = 2F © FP+^ © 4FPf ^ © 4FP°. 

Inspecting the structures of FP^^ in Figure 5 of [11] and of FP^^^ as well as FP{~^ 
in Table [H we see that FP"*"^, when considered as FGi-module, has 15 composition 
factors (counting multiplicities) of dimension 1 (actually all of them are isomorphic 
to F). This contradicts the conclusion of the previous paragraph. 

We have shown that U is isomorphic to either X or Y. Notice from Lemma IX^ 
that U appears at least twice as a composition factor of FP"*"^. The second state- 
ment of (i) now follows by comparing the degrees and using (16.61) . 

(ii) Assuming the contrary that f/'"^ ^ Y, then U'+^ = U''^ = X. It follows that 
yj+i = (^"1 and hence = p~^. Therefore, the isomorphism (16.61) together with 
]pp-i ^ 2F©FPf ^ ©4FPi+^ ©4FPi° imply that the modulo 2 permutation characters 
afforded by ¥P^^ and FPf ^ are the same. This is a contradiction as seen in the proof 
of Proposition 15.31 □ 

Since we will use an induction argument to determine the structure of FP, we 
temporarily add the subscript n to our standard notations. Notice that G2 = O4 (3) 
acts with rank 3 on both P^^ and P2~^. Everything we have proved for n > 3 works 
exactly the same in the case n = 2 except that W2 = 0. 

Lemma 6.4. The structures of¥P,^^ andWP,^^ are given as follows: 

I I 

F F 

I I 

¥ S) Y2 ¥ S) X2 

I I 

F ¥ 

I I 

X2 Y2 

Proof. By Lemma 13.21 the module U"^ is simple and self-dual. The module FP2'^ has 
dimension 15 = 3^^^(3^ + l)/2, and by Lemma [6.31 its submodule U"^ has dimension 
4 = (32 + l)(32-i + l)/8 - 1. Therefore by Lemmas O and O the module U"" 
appears twice as a composition factor of FPg'^ and once as a composition factor of 
FP2-''. 

As 15 is odd, FPg" = T(FP2'') ©S'(FP|'). Here U"^ is the unique minimal submodule 
of the dimension 14 module S'(FP2'^), and M = {U"^)-^ fl S'(FP2'^) its unique maximal 
submodule. The submodule M has dimension 10 and quotient S'(FP2'')/M isomorphic 
to U"^. The quotient Q = M/U"^ is thus self-dual of dimension 6, possessing two 
trivial composition factors in addition to the factor f/'"". There are only three 
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possibilities: 

Q = ¥- U'-"" -¥ or g = F © U'~^ © F or Q = (F - F) © U'-\ 

The first gives the lemma, so we must eliminate the second and third. 

The usual dot product on the natural Fs-permutation module for Sym{Q) is an 
invariant bilinear form with radical spanned by the vector of I's. The action of 
Sym{6) on the unique nontrivial composition factor thus gives an injection of Sym{6) 
into O4 (3). More specifically, Oj(3) = 2 x Sym{6). With this in mind, we can choose 
notation so that the module FPg" is the usual permutation module M^^'^^ for Sym{6) 
acting on the 15 unordered pairs from a set of size six. 

As the representation theory of symmetric groups is highly developed (see, for 
instance, the elegant treatment in James's book [5]), the lemma is presumably well 
known. Indeed the needed calculations can be done easily, following Example 5.2 of 
[5]. We give a short proof, using only some of the elementary theory. 

By an easy calculation and [SI Cor. 8.5] the Specht submodule S = S^^''^'^ of = 
M^'^''^^ has dimension 9, so it must have codimension 1 in M with S/U"^ of dimension 
5 in Q. Assume (for a contradiction) that Q = F © U'~'^ © F or Q = (F - F) © [/'"". 
Then S/U"^ must have shape F © In particular, the Specht module S has two 

maximal submodules, one of codimension 1 and the other of codimension 4. But by [SI 
Theorem 4.9], Specht modules have unique maximal submodules. This contradiction 
proves the lemma. □ 

Lemma 6.5. For any n > 2, ¥P^^ does not have any submodule of structure Xn—Yn- 
Similarly, ¥P~^ does not have any submodule of structure Yn — X„. 

Proof. Case n = 2 is clear from Lemma 16.41 So we assume that n > 3. Let Q be 
the parabohc subgroup of Gn fixing (ei). Then Q = O.L where O = O^i^Q), the 
maximal normal 3-subgroup of Q and L = G^-i x ^2? a Levi subgroup of G„. Set 
Vi '■= (^2, e„, /2, fn)- Let Pi be the set of plus points in V of the form {xci + u) 
and P2 the set of plus points in V of the form (/i + xci + u) with a; G F3 and m G Vi. 
Then is the disjoint union of Pi and P2. 

It is clear that IP2I = \0\ = 3^""^ and the stabilizer of (/i + ei) in O is trivial. 
Therefore O acts transitively on P2. This 0-orbit is fixed under the action of Gn-i on 
the set of 0-orbits on P+^. For any plus point {u) in Vi, the 0-orbit of {u) consists 
of three points: (u), {u + ci), and {u — ci). Hence the action of Gn-i on the set of 
0-orbits in Pi is equivalent to that on the set of plus points in Vi. We have proved 
the following CG^^i-isomorphism: 

(6.7) Ocp+i(0)-CP+_\©C, 

where C^p+i{0) is the centralizer of O in CP+^. If x is the character of G„ afforded 
by a module M, we denote by 0^(0) the character of G„_i afforded by Cm{0). The 
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isomorphism (16. 7p then imphes 

(6.8) C^+i(0) + C^SO) = vt\ + i'n-i + 1g„_.. 

From Frobenius reciprocity, 

(V-nb, Iq)q = = (V'n,P°)G„ > 0. 

Hence, Ig is a constituent of ipn\Q- It follows that 1g„_i is a constituent of C^„(0). 

Now we will show that ipn-i is also a constituent of C^„(0). Assume not. Then 
il^n-i would be a constituent of C^+i(0) by (16. 8p . It follows that ipn-i is contained 
in C—yiiO). As is always contained in ■?/'„, we find that ^ipn-i is contained in 

C— pr(0) + C-7^(0). The formula (16. Sp then implies that tpn-i is contained in v^^^ + 1, 
a contradiction. 

We have shown that both and ipn-i are constituents of C^^(O). Therefore 

C^+i(0) = (^+\. It follows by LemmaESlthat Cx„(0) ^ Similarly, Cy„(0) ^ 

Now we prove the lemma by induction. Assuming that the lemma is true for 
n — 1 and supposing the contrary that FP+^ has a submodule of structure X„ — Yn- 
Proposition 13.11 and the previous paragraph then show that C(x„-y„)(0) = Xn^i — 
Yn-i is a submodule of Cpp+i(0) = FP^^^ © F. We deduce that — is a 

submodule of FP^^^, contradicting the induction hypothesis. □ 

Proposition 6.6. Theorem \l.S\ holds when G = 02^{3), n > 3 and £ = 2. 

Proof. Using Proposition 13.11 and Lemma 13. 2[ we see that the structure of FP'' will 
be determined if we know that of U '^^ /U We study U '^'^-^ /U +^ first. 

Consider the case n even. Then, for k = ±1, \P'^\ 7^ and therefore FP"^ = 
T{¥P'^)®S{¥P^). 

From the constituents of and ■?/', the composition factors of U '^^^ /U +^ are: F 
(3 times), Y, and W. Since FP'^ = T(FP^) © 5(FP'^), we know that U'+^^/U'+^ has 
a direct summand F. Furthermore, X = f/ +^ is the socle of S'(FP+^) by Proposition 
13.11 Lemma I^TT] now implies that Im((5o,+i|5(FpO)) — 'S'(FP°)/ Ker(Qo,+iU{FpO)) also 
has socle X. Inspecting the structure of FP° given in Figure 8 of [11], we see that the 
only quotient of S'(FP°) having X as the socle is X — W . This means that S'(FP"'"^) 
has submodule of structure X — W and therefore is a submodule of U ^^^/U 
By self-duality, W must be a direct summand of U ^^-^ /U 

By Lemma |6.5[ Y is not a submodule of U'^^'^/U^^. Combining this with the 
previous paragraph, we conclude that the structure of U "^^ is F © 14^ © (F — 

Y -¥). 

Now we consider the case n odd. By Lemma |4?T| Im(Qo,+i) is nonzero and different 
from T(FP+^). Hence it has the socle either X or F © X by Proposition 13. II Notice 
that Im((5o,+i) — FP°/ Ker((5o,+i)- Inspecting the structure of FP° again, we learn 
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that the structure of Im(go,+i) must he X -¥ ~W -¥. It follows that U'+^^/U'+^ 
has a submodule of structure ¥ — W — ¥. Recall that U ^^-^ /U has composition 
factors: F (4 times), Y , and W and Y is not its submodule by Lemma 16.51 By 
self-duality, the structure of U'+'^^/U'+^ is {¥ -Y -¥) ® {¥ -W -¥). 

Arguing similarly for k = -1, the structure of U'^^^/U'^'^ is ¥ ®W ® {¥ - X - ¥) 
when n even and (¥ - X - ¥) ® (¥ - W ~ ¥) when n odd. □ 

Propositions 16.21 and 16.61 complete the proof of Theorem 11.21 for the type " — " 
orthogonal groups in even dimension. 



7. The orthogonal groups 02„+i(3) 

In this section, we assume G = 02n+i(3). For k, = ±1, we have P'^ = {{eg + 
EtMe^ + bifi)) I a,,bi e ¥3,J2ti(^ibi - c2 = and \P^\ = 3"(3" - k)/2. The 
parameters of the action of G on P'^ are: 

^ - + ^ (3" + .)(3"- -.),.- ^ - + ^) 



Equation (12. ip now has two roots —3"^^ and 3""^. Therefore, for k = ±1, ¥P'^ has 
graph submodules U_^^„-i and U.^^^. 

Lemma 7.1. If ^ = char(F) ^ 2,3, then 

III I 3^" — 1 

U'^^r,-! = f/3nii,dimf/^+i_i = dimll'r^'^^li = — - — , 

I, (3"-l)(3" + 3) (3" + l)(3--3) 
dimt/_3„_i = ^ , and dimt/g^^i = . 

Proof. This is similar to the proof of Lemma [5.11 We remark in this case that t/Jgi-i 
and U^t-i are isomorphic to graph submodules of FP°. □ 

Proposition 7.2. Theorem \1.2\ holds when G = 02n+i(3), n > 3 and £ 2,3. 

Proof Case 1: £ f (3" - 1), £ f (3" + 1). In this case, FP ^ 2F © X © F © 2Z, where 
X := U'+l,, Y := U'-^i.,, and Z := U't^l_, ^ U'^'l,. By Proposition EH X,Y, and 
Z are simple. 

Case 2: £ | (3" - 1). We have 

FP-I = T(FP-i) © f/Jgi^i © f/3-_\ ^ F © r © Z, 
where Y := Z := U'}^„~i = U'^^l^ and 

FP+i = U^t, © f/l+3i_i ^ U^„l, © Z, 
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where U^Jli is uniserial with composition series C T(FP+^) C U^t-i C f/gt-i- 
Setting X := U'+\/T{¥P+^), we get 

FP ^ F © (F - X - F) © r © 2Z. 

Case 3: £ | (3" + 1). As in Case 2, 

FP ^ F © X © (F - r - F) © 2Z, 
where X := U'+l^, Y := f/J3i_i/T(FP-i), ^^^^^ ^ _ ^ jj'^-i^^ □ 

Now we consider the case i = 2. Following Lemma 17. we assume that p'^ = 
1 + + for K = ±1, where y?^,^^ G Irr(G), = (3" + k)(3" - /t)/4, and 

= (32« - l)/4. Then p° = 1 + + ^"i. From Corollary 7.5 of [H], we have 
ip~^^ = X + and = 1 + x + /3(Yi), where x is a 2-Brauer character of G and 

Xi,Fi are simple G-modules of dimensions (3" - 1)(3" - 3)/8, (3" + 1)(3'" + 3)/8 - 1, 
respectively. Furthermore, x = Pi^i) if is odd and x = 1 + fi[Zi) if n is even, 
where Zi is a simple module of dimension (3^" — 9)/8 — 52,n- The following lemma 
gives the decomposition of into irreducible 2-Brauer characters of G. 

Lemma 7.3. With the above notation, U'^ = Xi and U'^^ = Yi. Consequently, 
^ = /3(Xi) + /3(Fi). 

Proof. By Proposition 13.11 and Lemma 14. ![ the submodule Im(Qo,+i) of FP+^ has 
U'^^ as a composition factor. It follows that f/'+^ G {Xi,Y'i,Zi} since Im((5o,+i) — 
FP*^/ Ker((5o,+i) and the composition factors of FP° are: F (twice or four times), Xi, 
Fi, and Zi (twice) (see Figure 6 of [TT]). 

Set Gi := 0^(3) < G. Let and P]~^ be the sets of plus points and minus points 
in (ei,...,e„. A, ...,/„). Siiice P+^ = P+^U{{v+g) \ {v) e P{^}U{{v-g) \ {v)eP{^}, 
we have FP+^ld = FP+^ © 2FPf \ Moreover, if P{^ + g := {{v + g) \ {v) G Pf ^} 
and Pi^ — 9 '■= {{v — g) \ {v) E Pi^} then we get an FGi-isomorphism: 

U^^Ig, = {vi,a I a G Pi+') © {vi^a I a G Pf ' + ^) © | a G P^' - g), 

where all summands are clearly nonzero and nontrivial FGi-modules. These sum- 
mands are submodules of FP^^^ © 2¥P^^. It follows that, by Proposition 13. ![ each of 
them contains a graph submodule of FP^^^ or FP^"^. Notice that the dimensions of 
the graph submodules of FPj'^ as well as FPj~^ are (3" — 1)(3"~^ — l)/8. 

We have shown that U^^\gi has 3 composition factors (counting multiplicities) of 
degree (3" — 1)(3""^ — l)/8- If f^^^ld has another nonlinear composition factor, 
dimf/"*"^ would be at least 4(3" — 1)(3"~^ — l)/8 + 1 since the smallest degree of 
nonlinear irreducible 2-Brauer character of Gi is (3" — 1)(3"~^ — l)/8 (see Table 1 
of |1]). This contradicts the fact that f/ +^ G {Xi, Yi, Zi}, whence f/^^lci has exactly 
3 nonlinear composition factors, all of degree (3" — 1)(3"^^ — l)/8. 
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Recall that U+'^\g, is a submodule of ¥P^^ ® 2FPf ^ It follows that U^^ has 
at most 6 composition factors of dimension 1 (see Table [1]). Combining this with 
the conclusion of the previous paragraph, we obtain dimf/"*"^ < 3(3" — 1)(3"~^ — 
l)/8 + 6. This forces dimU^^ = dimXi + 1 and therefore U = Xi again by 
U'+' e{X,,Y,,Z^}. 

The arguments for U = Yi are similar. Since U appears at least twice as a 
composition factor of FP'^ (see Lemma [3. 2p . both U '^^ and U ~^ are constituents of 
ip. Therefore ip = (3{Xi) + P{Yi) by comparing degrees. □ 

Proposition 7.4. Theorem \1.2\ holds when G = 02n+i{^),n > 3 and i = 2. 

Proof. Case 4: n even. We know from Lemma [7.31 that U'^^ = Xi. The self duality 
of U from Lemma 13.21 then implies that U /U has composition factors: F 
(twice), Zi, and Yi. Using Lemma 14.11 and inspecting the structure of FP" (see 
Figure 6 of [H]), we see that Yi must be a submodule of U '^^-^ /U +^ but Zi is not. 
Therefore, the structure of U'+^^/U'+^ is Fi © (F - Zi - F) and hence that of FP^ 
is determined. 

Now we determine the structure of FP^^. Since [P^^] ^ ^(FP^^), FP^^ = 
T(FP-i) © Si¥P-^). Also, U'~^ ^ Fi is the socle of SiWP-^). Since Si¥P~^) is 
self-dual, its head is also (isomorphic to) Yi. Hence S'(FP^^)/ Ker((5-i,o|s'(FP-i)) — 
Im((5_i^o|5(FP-i)) has Yi as head. From the submodule structure of FP°, we find that 
lm(Q_i^o|5(FP-i)) is uniserial with socle series F — Zi — F — Yi. So 5'(FP"^) has a 
quotient F — Zi — F — Yi . Again by its self-duality, it has a submodule Yi — F — Zi — F, 
which implies that U ^^-^ /U has a submodule F — Zi — F. Notice that U jU 
is self-dual and has composition factors: F (twice), Xi, and Z^. Its structure must 
be F © Xi © (F - Zi - F), as described in Table E) 

Case 5: n odd. First we find the structure of FP+^. Composition factors of 
U jU are F, Yi, and Z\. Therefore, the structure of U jV is simply 
F © Yl © Zi by its self-duality. 

Now we turn to FP~^. By Proposition 13. the socle of Im(Qo,-i) is either Y\ 
(^ IJ'-^) or F © Fi (= U-^). Notice that Im(Qo,-i) = FP7KerQo,'-i and Fpo has 
only one quotient having such socle, which is Yi — (F © Zi) (see the structure of FP° 
in Figure 6 of [H]). We deduce that FP~^ has a submodule of structure Y\ — (F©Zi). 
We temporarily set Fi := T(FP-^) and F2 := YP'^ j Si^p-^). Then the submodule 
of FP-i of structure Fi - (F © Zi) must be Fi - (F2 © Zi). It follows that V'-^^jV'-^ 
has a submodule F2 © Zi. Recall that V /U ~^ is self-dual and has composition 
factors: Fi, F2, Zi, and Xi, we conclude that its structure is Fi © F2 © Zi © Xi. □ 

Propositions 17.21 and 17.41 complete the proof of Theorem 11.21 for the orthogonal 
groups in odd dimension. 

Acknowledgement: The authors are grateful to Ulrich Meierfrankenfeld for his 
helpful suggestions leading to the proof of Lemma 16.51 Part of this work was done 



PERMUTATION MODULES FOR 0±(3) ACTING ON NONSINGULAR POINTS 19 

while the second author was a postdoctoral fellow in the Department of Mathemat- 
ics at Michigan State University. It is a pleasure to thank the department for the 
supportive and hospitable work environment. 

References 

[I] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson, Atlas of Finite 
Groups, Clarendon Press, Oxford, 1985. 

[2] J. I. Hall and H. N. Nguyen, The structure of rank 3 permutation modules for Of^{2) and 

f/m(2) acting on nonsingular points, submitted. 

[3] D. G. Higman, Finite permutation groups of rank 3, Math. Z. 86 (1964), 145 - 156. 

[4] C. Hoffman, Cross characteristic projective representations for some classical groups, J. 

Algebra 229 (2000), 666 - 677. 

[5] G. D. James, The representation theory of the symmetric groups, Lecture Notes in Math- 

ematics 682, Springer, Berlin, 1978. 

[6] C. Jansen, K. Lux, R. Parker, and R. Wilson, An Atlas of Brauer Characters, Clarendon 

Press, Oxford, 1995. 

[7] W. M. Kantor and M. W. Liebler, The rank 3 permutation representations of the finite 

classical groups. Trans. Amer. Math. Soc. 271 (1982), 1 - 71. 
[8] J. M. Lataillc, P. Sin, and P. H. Tiep, The modulo 2 structure of rank 3 permutation 

modules for odd characteristic symplectic groups, J. Algebra 268 (2003), 463 — 483. 
[9] M. W. Liobcck, Permutation modules for rank 3 unitary groups, J. Algebra 88 (1984), 

317- 329. 

[10] M. W. Liebeck, Permutation modules for rank 3 symplectic and orthogonal groups, J. 
Algebra92 (1985), 9 - 15. 

[II] P. Sin and P. H. Tiep, Rank 3 permutation modules of the finite classical groups, J. Algebra 
291 (2005), 551 - 606. 

Department of Mathematics, Michigan State University, East Lansing, MI 48824 
E-mail address: jhall@inath.insu.edu 

Department of Theoretical and Applied Mathematics, University of Akron, Akron, 
OH 44253 

E-mail address: hnlO@uakron.edu 



